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Abstract
Inspired by Yoneya’s recent work on D-brane field theory, we present the constructive defi-
nition of this theory as a new dual model based on the quantization of non-perturbative string
gauged S-dualities and its spontaneous breakdown. Our model is determined by one BRST
quantization condition. Here, we provide some testable conjectures, for example, that the par-
tition function of bosonic part of IIB matrix model and string partition functions of various
interactions including gravity are realized by the physical state and its Goldstone modes.
1konishi.eiji@s04.mbox.media.kyoto-u.ac.jp
In this letter, we consider a model which incorporates the dynamical gauged S-duality of type
IIA/M theories.[1] As the dynamical objects, we select the D-particle fields proposed recently by
Yoneya.[2]
First, we explain the idea of gauged S-duality. In type IIB theory, for instance, S-duality acts
on the string coupling constant gs = χ +
√−1e−φ for the axion-dilaton (χ-φ). Usually S-duality
is considered as a non-linear global symmetry on the Poincare´ upper half plane h. In contrast, we
take the gauge transformation on each vacuum on h to be independent of the others. Using this
idea and Yoneya’s D-particle field theory, we can consider the dynamics of duality on hyperbolic
curves parameterized by the coupling constant gs.
Our formulation of D-particle fields resembles the dual models (Regge pole theory) studied
in the 1960s and 70s: in Regge pole theory, the scattering amplitudes between two hadrons are
plotted as bound states on the Cauchy plane or Riemann surface. In Regge theory, a curve plays a
mathematical role which fully represents the essence of the physics. There are only two parameters
that control the theory: the slope parameter of the Regge trajectory, α′, and the coupling constant
gs.[3]
Yoneya, Scherk and Schwarz have given a dual model description of the duality in electro-
gravidynamics by taking the limit α′ → 0 and fixing a variable combining the slope parameter and
the coupling constant.[4]
We formulate a dual-model-like theory for gauged S-duality and the spontaneous breakdown
of this symmetry. Using this model we can understand the dualities appearing in modern string
theory as the result of dynamical gauged S-duality spontaneous breakdown (DGSSB).
We now describe the second quantized S-duality wave function. In our physical theory of
DGSSB, the dynamical variables are the D-particle fields in typeIIA/M theory. The physical state
ψ for gauged duality symmetry is the partition function for the “thermal” (mass) variable – the
coupling constant gs – of the D-particle fields in M -theory. We take the prototype of M -theory
to be the Banks, Fischler, Shenker and Susskind (BFSS) matrix model, a one-dimensional reduced
model of 10-dimensional supersymmetric Yang-Mills theory. [5]
Our real task is to derive the equation of this physical state.
The gauge symmetry of S-duality can be considered as an SL(2,R) Yang-Mills theory whose
variables are the string coupling constant gs and deformation time parameters tn and t¯n, n = 1, 2, · · ·
on a moduli space (curve). Integrablity follows from the fact that the matrix model is integrable
and its partition function is a tau function of an integrable system.
We assume that the D-particle coupling constant, G , is defined by
G ≡ (α′)−1. (1)
The BRST transformation for the gauged S-duality is defined for this coupling constant and
three families of ghosts (two fermionic modes for gauge fixing and a bosonic mode)
C , C¯ and Φ. (2)
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The SL(2,R) Yang-Mills Lagrangian of time variables tn in the Rξ gauge (ξ ≡ 1) is
L ≡
∞∑
n=1
Ln, Ln = tr
[
−1
4
(
DnA
I
)2
+ ∂nC¯DnC +
Φ2
2
− i∂nΦIA I
]
(3)
and the corresponding BRST transformation U is[6]
U ≡
∞∑
n=1
Un, Un

A I
C I
C¯ I
Φ
 =

DnC
I
−12(C ×G C )I
iΦI
0
 (4)
where
∂n ≡ ∂tn + ∂t¯n , Dnφ ≡ ∂nφ+ iG A ×G φ (5)
and I is the index and (A×G B)c = f cabAaBb is the Lie bracket of G = SL(2,R).
In the second quantized theory, the gauge potential A I is expanded in terms of the time
variables2
A =
3∑
I=1
εI exp
( ∞∑
n=1
(
tnq
I
n + t¯nq¯
I
n
))
(8)
for c-number SL(2,R) matrix εI and nilpotent operators qIn
3∑
I=1
εI
(
qIn
)2
= 0 (9)
This expansion is similar to the definition of a time-ordered Green function (τ function). Our τ
function has infinite number of time variables, tn, which are regarded as time promoting parameters
for the conserved charges, qn, of the corresponding infinite symmetries. Here the gauge symmetries
are Chan-Paton factors on the boundaries of open string fields. This is why we write the operator
parts as
∏
n exp
(
tnq
I
n
)
.
The second quantization for the ghosts C and C¯ is done in a similar way, conserving the
equations of motion.
C =
3∑
I=1
εI exp
( ∞∑
n=1
(
tnθ
I
n + t¯nθ¯
I
n
))
(10)
for the same c-number SL(2,R) matrices εI .
It is worth remarking that the qIn are fermionic operators while the θ
I
n are Grassmann numbers.
2These operators, like any operators OI with an SL(2,R) index I = 1, 2, 3, satisfy the following SL(2,R) commu-
tation relations ˆ
OI ,OJ
˜
= fIJK O
K (6)
with structure constants
f
32
1 = f
31
2 = f
12
3 = 1, f
23
1 = f
13
2 = f
21
3 = −1. (7)
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We define the mass of A by
∆
[
~t, ~¯t
]
A
∣∣∣∣
~t=~¯t=0
= −ΛA
∣∣∣∣
~t=~¯t=0
, ∆
[
~t, ~¯t
]
≡
∞∑
n=1
[
∂2
∂t2n
+
∂2
∂t¯2n
]
(11)
The operator ∆
[
~t, ~¯t
]
is the Laplacian in the time variables tn on the moduli curve.
If the SL(2,R) gauge symmetry of the physical state is not broken, Λ must be zero. So, if
Λ 6= 0, we regard this violation as the inducer of the spontaneous symmetry breakdown of gauged
S-duality.
The BRST charge Q is nilpotent, so this equation is S-duality covariant,
[Q, φ] = Uφ, (12)
for BRST transformations U.
The general Kugo-Ojima formula of the BRST charge for our Noether current J
J ≡
∞∑
n=1
Jn, Jn ≡
∑
φ
∂Ln
∂∂nφ
Unφ, (13)
in our notation is [7]
Q(4) =
∞∑
n=1
[
3∑
I=1
{
G (A ×G C )IΦI + iG ∂n
(
C¯ I
)RI
2
}
− (∂nΦ)C
]
. (14)
where the contribution from A vanishes due to its equation of motion, and we rewrite the one from
C¯ as the final term using the Leibniz rule for ∂n(ΦC ).
We have introduced the quadratic operator R defined by the G = SL(2,R) Lie bracket
R ≡ C ×G C (15)
Due to the equation of motion of Φ and the fact that qn and q¯n are nilpotent, we have
Φ = i
∞∑
n=1
∂nA = QA , Q ≡ i
∞∑
n=1
(
qn + q¯n
)
. (16)
The last term of Q(4) becomes
−
∞∑
n=1
(
∂nΦ
)
C = −
(
∆
[
~t, ~¯t
]
A
)
C = ΛA C (17)
The canonical momenta of ghosts and anti-ghost are
ΠIC =
∞∑
n=1
DnC
I ≡ (∂tC )I + iG (curlεC )I (18)
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and
ΠIC¯ = iG
∞∑
n=1
∂nC¯
I ≡ iG (∂tC¯ )I . (19)
The first term of ΠC vanishes if the gauge SL(2,R) symmetry is not spontaneously broken for our
coherent solutions.
Using these new variables, the BRST charge is rewritten as
Q =
3∑
I=1
(
(curlεC )
IGQA I + (∂tC¯ )
IG
i
2
RI − Λ(∇εC )I
)
(20)
We pay attention to the fact that A I is just an operator and we will express the BRST constraint
Qψ = 0 on the Hilbert space
H ≡
3⊕
I=1
3⊕
J=1
〈
∇εIC J
〉
. (21)
We define two sets of three 3× 3 matrices as the elements of H
Θ1flat ≡
 1 0 00 0 0
0 0 0
 , Θ2flat ≡
 0 0 00 1 0
0 0 0
 , Θ3flat ≡
 0 0 00 0 0
0 0 1
 , (22)
Θ1curv ≡
 0 0 00 0 −1
0 1 0
 , Θ2curv ≡
 0 0 10 0 0
−1 0 0
 , Θ3curv ≡
 0 1 0−1 0 0
0 0 0
 . (23)
Then, by the interchange of ghost and anti-ghost
C ⇆ C¯ , ΠC ⇆ ΠC¯ (24)
the C part of the BRST charge before this interchange is equal to the C¯ part of the BRST charge
after this interchange. That is
ΘIcurvUC = Θ
I
flatUC¯ (25)
So, due to this symmetry on interchange, the sum of ghost and anti-ghost parts of the BRST
charge is written as
QI = ΘIU
(
C + C¯
)I
, ΘI ≡ Θ
I
flat +Θ
I
curv
2
(26)
Multiplying by the SL(2,R) coupling constant α′ we find the equation for BRST quantization
is (
3∑
I=1
ΘI
(
QA I +
i
2
RI
)
− α′Λ
)
ψ
[
gs,~t, ~¯t
]
= 0 (27)
Obviously, the solution ψ is 3-vector but we suppress the index of this vector in Equation (27).
Based on the formulation so far, we propose a conjecture about the equivalence between our
model and matrix theory.
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As shown in the paper of Ishibashi et al,[8] the BFSS matrix model is included in the IIB
matrix model. So, we will deal with the IIB matrix model, as defined by an equivalence of its
path-integral and the path-integral of Schild-gauge type IIB string theory, using a large N matrix
model reduction of the degrees of freedom.[8, 9]
The bosonic part of the action of the size N IIB matrix model with bosonic variables X Nµ is
S[g,Xµ] = − 1
g2
(
1
4
Tr[Xµ,Xν ]
2
)
(28)
The partition function for g ≡ gsℓ is defined by
Z [g] ≡
∞∑
N=1
zN [g], zN [g] ≡
∫ ∏
µ
dX Nµ e
−S[g,X Nµ ] (29)
We decompose the space of size N Hermitian matrices, Her, into sets of its irreducible sub
matrices, Herirr. The deformation of the way of decompositions is defined by
H˜er(N) =
N⋃
I=1
CI ×
(
N !/((N−I+1)!I!)⋃
1
Herirr(I)
)
, Herirr(1) = R (30)
We define the partition function zN [g] on Herirr(N) with deformation parameter tI ∈ CI .
Once we choose the way of the deformations H˜er by the parameters ~t and ~¯t, the partition
function varies with these parameters.
Then we can write the time-dependent IIB matrix model partition function as Z
[
g,~t, ~¯t
]
.
We conjecture that, for certain choices of gauges of U(N) gauge symmetries, this partition
function Z
[
g,~t, ~¯t
]
is a solution of our SL(2,R) BRST equation
QZ
[
g,~t, ~¯t
]
= 0. (31)
Once the equivalence to matrix theory is established, how do we describe gravity?
Unfortunately, there is no variable for the graviton in the S-duality multiplet. So, we use
AdS/CFT duality to produce the graviton sector.
In Equation (27), gravity is described as follows. There are critical points gI for I = 1, 2, . . .
with vacuum expectation values (VEV) found by substituting the saddle point value
|g1| < |g2| < . . . (32)
into the gauge potential
Z C = Z~m,~n, Z
[
g,~t, ~¯t
]
=
∑
~m
∑
~n
±Z~m,~n
[
g,~t, ~¯t
]∏
~m
θm
∏
~n
θ¯n. (33)
That is, the component fields of the partition function Z in the superspace description satisfy〈
Z C
[
U⊥gN ,~t, ~¯t
]〉
N
= 0. (34)
5
for the transformation U⊥ which is orthogonal to the BRST transformation U:
[U,U⊥] = 0,
〈
1,U,U⊥
〉
= SL(2,R). (35)
The partition function factorizes into a symmetric part ZΓ and the remainder
Z =
(〈
Z
〉
+ Z˜
)
⊗ZΓ (36)
The Goldstone mode associated with the N -th vacuum is defined by the difference between the
gauge potential and its VEV. The SL(2,R) transformations of these modes
Z˜N
[
UgN ,~t, ~¯t
]
≡
∑
~m
∑
~n
UZ˜ CN ~m,~n
[
gN ,~t, ~¯t
]∏
~m
θm
∏
~n
θ¯n. (37)
are defined on h.
For a certain neighborhood UN around gs, the Goldstone mode satisfies our BRST equation
locally
QZ˜N
∣∣∣
UN
[
g,~t, ~¯t
]
= 0. (38)
Based on the discussion so far, we now show how to consider the large-N dualities in the DGSSB
framework.
In the limits of large N and ’tHooft strong coupling g →∞, the D-particle becomes light and,
at the minimum of the potential can condense at any space-time point. Thus in the plane wave
limit, D-particle field theory is able to describe the graviton as closed string fields trapped at their
boundaries on D-particles.
So, the graviton is, in our sense, a Goldstone mode of the partition function Z˜ CN around its
critical coupling gN , i.e., the minimum of the gauge potential.
To clarify this issue, we pay attention to the assumption about the coupling constant G for
D-particle fields given by Eq. (1).
In the classical gravity limit of α′ → 0, the D-particle fields become strong coupling. Then
every distance r between D-particles is proportional to
r
α′→0∝ G−1 = α′ (39)
This constrains the mass of open strings attached to D-particles to be constant.
Then, in the large N limit (where g ≃ 1/g = limN→∞ 1/
(
k/N
)
= ∞ fixing ’tHooft’s coupling
k = gN), AdS/CFT correspondence implies that[10]
lim
N→∞
Z˜N
[
g,~t, ~¯t
]
(40)
is the partition function of gravitons.
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